Based on the relativistic Vlasov-Uehling-Uhlenbeck transport model, which includes relativistic scalar and vector potentials on baryons, we consider a N − ∆ − π system in a box with periodic boundary conditions to study the effects of energy conservation in particle production and absorption processes on the equilibrium properties of the system. The density and temperature of the matter in the box are taken to be similar to the hot dense matter formed in heavy ion collisions at intermediate energies. We find that to maintain the equilibrium numbers of N , ∆ and π, which depend on the mean-field potentials of N and ∆, requires the inclusion of these potentials in the energy conservation condition that determines the momenta of outgoing particles after a scattering or decay process. We further find that the baryon scalar potentials mainly affect the ∆ and pion equilibrium numbers, while the baryon vector potentials have considerable effects on the effective charged pion ratio at equilibrium. Our results thus indicate that it is essential to include in the transport model the effect of potentials in the energy conservation of a scattering or decay process, which is ignored in most transport models, for studying pion production in heavy ion collisions.
I. INTRODUCTION
The charged pion ratio in intermediate energy heavy ion collisions has attracted much attention since it was proposed as a potential probe of the high-density behavior of nuclear symmetry energy [1] . The latter is essential for understanding the properties of neutron stars and gravitational waves from spiraling neutron star binary, but is still poorly known [2] [3] [4] [5] . Various transport models have been used to constrain the nuclear symmetry energy at supra-saturation densities from experimental data on the π − /π + ratio, but these studies have led to conflicting conclusions [6] [7] [8] . Therefore, more in-depth studies and careful modeling of pion production in heavy ion collision are important, especially because more systematic experimental measurements of the pion yield from intermediate energy heavy ion collisions are being carried out by the FRIB-RIKEN Spirit Collaboration in Japan [9] . A lot of efforts have already been made recently to study various effects on pion production in heavy ion collisions at near-threshold energies, e.g., the pion in-medium potentials [10] [11] [12] [13] , isovector potential of ∆ [14] , threshold effects [15, 16] , neutron-skin thickness [17] , and nucleon short-range correlation [18] .
As to the mean-field potential of ∆ resonances in nuclear medium [14, 19] , it is commonly assumed in transport models that its isoscalar part is the same as that for nucleon, but its isovector part is taken to be the weighted average of those for neutron and proton according to the squared Clebsch-Gordan coefficients from * zhenzhang@comp.tamu.edu † ko@comp.tamu.edu its isospin structure [1, 20] . This assumption leads to a change between the initial and final potentials in some of the processes N + N ↔ N + ∆ and ∆ ↔ N + π. In essentially all transport studies except Refs. [16, 21] , this potential difference has been neglected in the energy conservation condition for the above processes. As shown in Ref. [21] based on a non-relativistic quantum molecular dynamic model, this would lead to a violation of the local energy of scattering particles as well as the total energy of the system if the mean-field potentials are momentum dependent. Besides affecting the threshold energies for ∆ and pion production as discussed in Refs. [15, 16] , neglecting the change of potentials in these processes can also lead to an incorrect charged pion ratio. To demonstrate this effect more transparently, we employ in this work the relativistic Vlasov-Uehling-Uhlenbeck (RVUU) transport model [16, [22] [23] [24] to show that to obtain the correct equilibrium numbers of N , ∆ and π in a box with periodic boundary conditions requires the inclusion of the potentials in the energy conservation condition for determining the momenta of final particles in the processes N + N ↔ N + ∆ and ∆ ↔ N + π. The temperature and density of the hadronic matter in the box are taken to be similar to those formed in the high density stage of heavy ion collisions at intermediate energies [11] . We find that to retain the equilibrium N , ∆ and π numbers, it is necessary to take into account the mean-field potentials in the energy conservation conditions for above processes. In particular, we find that the vector potential has considerable effects on the effective charged pion ratio, while the scalar potential mainly affects the total pion and ∆ numbers. Our results thus demonstrate the importance of treating in heavy ion collisions the effects of mean-field potentials not only on particle propagation but also on their scatterings. The present study comple-ments the recent transport code comparison project [25] to improve the robustness of transport model predictions for collisions of neutron-rich nuclei at low and intermediate energies. The paper is organized as follows. In Sec. II, we introduce the baryon mean-field potentials in isospinasymmetric matter and the detailed balance relations for particle scatterings in medium. Results on ∆ and pion numbers and their momentum spectra are shown and discussed in Sec. III. Finally, we give a summary in Sec. VI.
II. THE MODEL
A. Baryon mean field potentials in isospin-asymmetic matter
In the present work, we focus on the effects of baryon potentials and treat pions as if they are in free space. The mean-field potentials of nucleons and ∆ resonances are taken from the nonlinear relativistic mean field NLρ model [26] . In this model, the Lagrangian density is given by
In the above, N denotes the nucleon field, and σ, ω µ and ρ µ represent the isoscalar-scalar, isoscalar-vector and isovector-vector meson fields, respectively. The antisymmetric field tensors Ω and R µν are given by Ω µν = ∂ µ ω ν − ∂ ν ω µ and R µν = ∂ µ ρ ν − ∂ ν ρ µ , respectively. For the ∆ resonance, it is considered as a molecular state of nucleon and pion, and its interactions with mesons can be treated as the weighted average of those for a neutron and a proton based on its isospin structure [16] . For example, the coupling of a ∆ + to a meson is given by 2/3 of that for the proton plus 1/3 of that for the neutron.
In the mean-field approximation, with the inclusion of ∆ resonances, the meson field equations have the following form:
where φ B , j µ B and j µ I are the baryon scalar, vector and isovector vector densities given by
In the above, the scalar and vector densities are defined as
where i = p, n,
is the baryon distribution function including the spin degeneracy, and the effective mass m * i and kinetic energy-momentum p µ * i are defined by
Here p
, and
We note that the time component of the vector density j µ i is just the number density of baryon i.
For static and uniform hadronic matter in a box, all derivative terms and spatial components of vector densities in Eqs. (2)- (4) are zero. The vector potential is then completely determined by the baryon density
−3 (1.5ρ 0 ) and isospin asymmetry δ like = ρ I /ρ = 0.2, the resulting isoscalar-vector potential is g ω ω 0 = 256.6 MeV and the isovector-vector potential is g ρ ρ 0 3 = −7.0 MeV. For simplicity, we neglect the quantum nature of N , ∆ and π, and use the Boltzmann distribution to describe their equilibrium distributions. For pions and nucleons, their momentum distribution functions at a given temperature T are then given by
with i = n, p, π + , π 0 , π − , the spin degeneracy g i = 1(2) for pion (nucleon), and µ i and E i = p 0 i being the chemical potential and energy of particle i, respectively. For the ∆ resonance, which has a mass distribution, its momentum distribution function is
where i = ∆ ++ , ∆ + , ∆ 0 , ∆ − , the factor 4 is the spin degeneracy, and A(m) is the normalized spectral function
with m 0 = 1.232 GeV being the pole mass of a ∆ resonance and N being the normalization factor. Taking the decay width of ∆ in free space to be [27] Γ = 0.47q
where q is the pion momentum in ∆ rest frame, gives the normalization factor N = 0.948. For a N-∆-π system at thermal and chemical equilibrium, the chemical potentials of nucleons, pions and ∆ resonances satisfy following relations:
Given the temperature T , baryon density ρ B and isospin asymmetry δ like , the baryon mean-field potentials and numbers can be obtained by solving above equations iteratively.
B. Detailed balance relations in nuclear medium
In the RVUU model, the cross sections for the inverse reactions N + ∆ → N + N and N + π → ∆ are related to those for the reactions N + N → N + ∆ and ∆ → N + π by detailed balance conditions, which guarantee the N − ∆ − π system in the box to reach the correct equilibrium distributions.
For the reaction 1 + 2 → 3 + 4 (where 1, 2, 3 are nucleons and 4 is ∆), the total cross section is given by
where m is the mass of ∆, p * i and E * i are the kinetic momentum and energy of particle i (i=1,2,3,4), p i is its canonical four momentum, and
is the relative velocity of particles 1 and 2. Note that for the process N +N → N +∆, since the total initial potential may be different from the total final potential, the initial and final kinetic energies and momenta are not necessarily conserved. Evaluating the integral in Eq. (17) in the frame F of p * 3 + p * 4 = 0, whose velocity is given by
with Σ 0 i and Σ i being the time and spatial components of the vector mean field of particle i, we obtain
where the prime indicates quantities in the frame F . Analogously, the cross section for the raction 3 + 4 → 1 + 2 in the nuclear matter frame is
where the double prime indicates quantities in the frame F of p * 1 + p * 2 = 0. Comparing Eqs. (19) and (20) and using the relation |M|
, we obtain the following detailed balance relation:
In the normal case that both kinetic and canonical energies (momentums) are conserved in a process, the F and F frames are the same, and the detailed balance relation becomes
where p * 1 and p * 4 are particle kinetic momenta in the center of mass frame p *
The cross section for N + π → ∆ is given by
where
In the center of mass frame of p *
∆ , the cross section can be rewritten as
The decay width of ∆ in the frame of p * ∆ = 0 is given by
Calculating the integral in the frame of p * N + p π = 0, we obtain
Using the relation 2|M|
We note that the above detailed balance relations do not depend on the form of ∆ spectral function A(m) and ∆ decay width Γ(m) used in the derivation. In principle, in-medium potentials also affect A(m) and Γ(m) [13] . In the present study, we use those in vacuum for simplicity.
C. Scattering cross sections
For baryon-baryon elastic scattering, we use the total cross section
and the differential cross section
as parametrized in Ref. [28] . For ∆ production from the process N + N → N + ∆, we use the cross section predicted by the one-boson exchanged model [29] . Based on Eq. (19), the mass of produced ∆ resonances is distributed according to
where m * is the effective mass of ∆, the m min and m max are the minimum and maximum masses of ∆ that are allowed to form. In free space, their values are m min = m N + m π and m max = √ s − m N . The cross sections for N + ∆ → N + N and π + N → ∆ are determined by the detailed balance relations introduced in Sec. II B. The π + N elastic scattering is also included with a constant cross section of 20 mb.
In a scattering or decay, the momentum and energy of final particles are determined by the canonical energy and momentum conservation, that is
where i and j run over the particles before and after a reaction, respectively. In the present study, we consider three different cases of energy conservation condition: 1) including both scalar and vector potentials (S+V); 2) including only scalar potential (S); and 3) without meanfield potentials (free).
III. RESULTS AND DISCUSSIONS
In the present work, we confine all particles in a cubic box of 10 × 10 × 10 fm 3 with periodic boundary conditions. The initial numbers of N , ∆ and π are determined from the thermal model with fixed temperature T = 60 MeV, baryon density ρ = 0.24 fm −3 , and isovector density ρ I = 0.096 fm −3 , which resemble the conditions of the dense matter, where most pions are produced, in intermediate energy heavy ion collisions [11] . As introduced in Sec. II A, the baryon mean-field potentials and densities can be iteratively solved from Eq. between scatterings. Although the scalar potential may change when mean-field potentials are neglected in the energy conservation condition of a scattering or decay process, the changes are small (∼ 0.1 MeV) and are thus neglected in the present study by using the same constant value through out the evolution of the system for all scenarios of treating particle scatterings. As mentioned in Sec. II A, we always use the ∆ decay width in vacuum. Its decay probability in each time step dt is then given by
where γ is the Lorentz factor in the frame of p * ∆ = 0. Given that the pion absorption cross section can be as large as about 200 mb in vacuum, we carry out the box calculation by using the partition method of 10 test particles for a physical particle and reducing accordingly all scattering cross sections by 10 [30] . Results shown below are obtained with 400 such events.
Figs. 2 and 3 show the time evolutions of ∆ and π numbers for the three cases of energy conservation condition. As expected, the numbers of ∆ and π in the 'S+V' case remain almost unchanged except small fluctuations, since their initial numbers are determined from the thermal model with the inclusion of both the scalar 
and effective charge pion ratio (π − /π + ) like in initial and final states in cases 'S' and 'free' (see text for details) from the thermal model calculations. and vector potentials. In the 'free' case, the numbers of ∆ and π decrease with time and reach their equilibrium numbers at ∼ 30 fm/c. For the 'S' case, before reaching the equilibrium numbers at ∼ 10 fm/c, the ∆ − and π − numbers decrease with time, the ∆ ++ and π + numbers increase with time, while the ∆ 0 , ∆ + and π 0 numbers change only slightly. The final equilibrium numbers in the system for the 'S' and 'free' cases can also be determined by thermal model calculations using the conditions of energy, baryon density and isospin density conservations. These results are given in the second and third rows of Tab. I, respectively, and also shown in Figs (c) , respectively, while corresponding theoretical momentum spectra are exhibited as curves. It is seen that in all three cases the N − ∆ − π system is at the expected thermal equilibrium states.
It is known in heavy ion collisions that the effective pion number, which includes all pion-like particles, changes very little after the colliding nuclear matter reaches the maximum compression [31, 32] . In our case, the effective pion number is given by the sum of ∆ resonance and pion numbers, i.e., π like = π − + π 0 + π + + ∆ ++ + ∆ + + ∆ 0 + ∆ − , and it is shown in Tab. I. Also shown in Tab. I is the effective charged pion ratio (π − /π + ) like defined as
Comparing results for the 'S+V' and 'S' cases, we find that omitting the vector potential in the energy conservation condition slightly decreases the effective pion number π like by 3.3%, but significantly reduces the ratio (π − /π + ) like by 26.7%. To understand these results, we note that for particles in thermal and chemical equilibrium, Eq. (16) leads to following relations between the ratio of the numbers of particles in the same isospin multiplet and the chemical potentials of neutron (µ n ) and proton (µ p ),
(36) Although neglecting the vector potential does not affect the temperature of the system, it changes the chemical potentials of baryons and thus affects the particle ratios. With both scalar and vector potentials, the system initially has µ n − µ p = 31.5 MeV. Neglecting the vector potential, this value is reduced to 17.5 MeV but increases to 18.9 MeV after the system reaches equilibrium. This explains the significantly smaller value for the ratio (π − /π + ) like in the 'S+V' case than the 'S' case.
As to the scalar potential, although it is the same for nucleons and ∆ resonances, its effects on particle numbers are very large. As shown in the second row of Tab. I, the π like in the 'S' case is about 2.2 times larger than that in the 'free' case (third row), while the ratio (π − /π + ) like increases by 9% from the 'S' to 'free' case. Such large effects are mainly due to the sudden removal of scaler potential, which reduces appreciably the total kinetic energy of the system and thus its temperature.
The results presented above are based on the assumption that the coupling constants of ∆ resonances to mesons are the same as those of nucleons. It has been shown that changing the isovector part of the ∆ potential, such as taking the ∆∆ρ coupling constant g ρ∆ to be 3g ρ , affects the properties of neutron stars [19] and pion production in heavy ion collisions [12, 14] . Although using g ρ∆ = 3g ρ guarantees the conservation of total potential energy in the reaction N + N ↔ N + ∆, the initial and final potentials in the process ∆ ↔ N + π still differ. For the hot asymmetric nuclear matter considered in the present study, increasing g ρ∆ from g ρ to 3g ρ reduces the π like number and the ratio (π − /π + ) like by 3.4% and 17.3%, respectively. The considerable effect on (π − /π + ) like suggests the possibility to study the isovector potentials of ∆ resonances from pion production in heavy ion collisions, as pointed out in Ref. [14] .
Because of the change of the threshold energy of a reaction caused by the baryon potentials, cross sections for some channels of the reaction N + N ↔ N + ∆ may increase or decrease. For a system confined in a box as in the present study, changing these cross sections only influences the time for the system to reach a new equilibrium after neglecting the scalar and/or the vector potential, but does not affect the final equilibrium particle numbers. However, in nuclear collisions, where thermal and chemical equilibriums are likely not reached, the change of cross sections can have a large effect on the final pion number and the charged pion ratio [16] .
IV. SUMMARY
We have employed the relativistic Vlasov-UhelingUhlenbeck transport model to study a thermalized N − ∆ − π system in a box with periodic boundary conditions. Comparing our results with thermal model calculations, we find that with the inclusion of both baryon scalar and vector potentials in the energy conservation condition for particle production or absorption in scattering and decay processes, our results can well reproduce the equilibrium numbers of particles obtained in thermal model calculations, which verifies the reliability of the RVUU model. Omitting the vector potentials of baryons in the energy conservation conditions for scattering and decay processes reduces slightly the number of pion-like particles by 3.3%, but significantly the effective charged pion ratio by 26.7%. Neglecting also the scalar potential further reduces the pion-like particle number by a factor of ∼ 2, and increases the effective charged pion ratio by about 9%. Our results thus indicate that the correct treatment of the energy conservation condition in scattering and decay processes in transport models is very important for studying pion production in heavy ion collisions at intermediate energies.
